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Abstract: A general and systematic construction of Non Abelian afRne Toda models 
and its .ym„etri« b proposed in terms of its underlying Lie algebraic structure. It is 

also shown that such class of two dimensional integrable models naturally leads to the 



^ . construction of a pair of actions related by T-duality transformations 

o 





CD 
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O , 1. Introduction 

Two dimensional integrable models represent an important laboratory for testing new ideas t\3 
Qh. and developing new methods for constructing exact solutions as well as for the nonpertur- ^ ^ 

r-| I bative quantization of 4-D non-abelian gauge theories, gravity and string theory. Among ^ — ^ 

the numerous techniques for constructing 2-D integrable models and their solutions [Q] , Q , 
^ ■ the hamiltonian reduction of the Wess-Zumino-Witten (WZW) model (or equivalently the 

■ gauged WZW ) associated to a finite dimensional Lie algebra G has provided an univer- 

sal and simple method for deriving the equations of motion (or action ) of 2-d integrable 
models. In particular, the conformal Toda (CT) models were constructed by implementing 
a consistent set of constraints on the WZW currents The method was subsequently 
extended to construct the conformal affine Toda models (CAT) from infinite dimensional 
affine algebras, leading to WZW currents satisfying the so called two loop current algebra 

i i- 

The affine Toda models consists of a class of relativistic two dimensional integrable 
models admiting soliton solutions with non trivial topological charge (e.g. the abelian 
affine Toda models). Among such models we encounter the Non Abelian affine (NA) Toda 
models which admit electrically charged solitons Q. In general, the NA Toda models admit 
solitons with non trivial internal symmetry structure. The formulation and classification 
of such models with its global symmetry structure is given in terms of the decomposition 
of an underlying Lie algebraic structure according to a grading operator Q and, in terms 

* Speaker. 
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of a pair of constant generators e± of grade ±1. In particular, integrable perturbations of 
the WZW characterized by e± describe the dynamics of the fields parametrizing the zero 
grade subalgebra Qq. The action manifests chiral symmetry associated to the subalgebra 
Gq C Go due to the fact that Y £ Gq, [Y, e±] = 0. The existence of such subalgebra allows 
the implementation of subsidiary constraints within Gq and the reduction of the model 
from the group Gq to the coset Gq/Gq. The structure of the coset Gq/Gq viewed according 
to axial or vector gauging leads to different parametrizations and different actions. 

We first discuss the general construction of NA Toda models and its different inter- 
nal symmetry structure. Next, we discuss the structure of the coset Gq/Gq = SL{2) (g) 
according to axial and vector gaugings and explicitly construct the asso- 
ciated lagrangians. Subsequently, we show how the chiral symmetry of the group model 
becomes global under the reduction to the coset. Finally, we show that the axial and vector 
models are related by canonical transformation preserving the Hamiltonian which also 
transforms topological into electric current and vice-versa. 



2. General Construction of Toda Models 

The basic ingredient in constructing Toda models is the decomposition of a Lie algebra G 
of finite or infinite dimension in terms of graded subspaces defined according to a grading 
operator Q, 

[Q,Gi]=lGi, G = ®Gu [GuGk\ciGi+k, hk = {),±l,--- (2.1) 

In particular, the zero grade subspace Go plays an important role since it is parametrized 
by the Toda fields. The grading operator Q induces the notion of negative and positive 
grade subalgebras and henceforth the decomposition of a group element in the Gauss form, 

g = NBM (2.2) 

where = exp {G<)-, B = exp {Go) and M = exp {G>)- 

The action for the Toda fields is constructed from the gauged Wess-Zumino-Witten 
(WZW) action §, g, 

Sg/h{9,A,A) = Swzwig) 

- |- y d^xTr {A{dgg-^ - 6+) + A{g-^dg - 6„) + AgAg-^) (2.3) 

where A = j4_ E A = ^4+ G e± are constant operators of grade ±1. The action 
( |2.3| ) is invariant under 

g = a^ga+, A' = a^AaZ^ + a^daZ^ , A' = a'^^Aa^ + Ba^^a^, (2-4) 

where a_ G G<, a+ € G>- It therefore follows that SG/j{{g, A, A) = Sq/h{B,A',A'). 
Integrating over the auxiliary fields A, A, we find the effective action, 

SeffiB) = Swzw{B) hr [e+Be.B-^] d^x (2.5) 
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The equations of motion are given by 

d{B-^dB) + [e^,B-^€+B] = 0, d{dBB-^) - [e+, Be^B'^] = (2.6) 



It is straightforward to derive from the eqns. of motion that chiral currents are 

associated to the subalgebra Qq C Go defined as Qq = {X E Qq, such that [-'^j e±] = 0}, 
i.e., 

Jx = Tr {XB-^dB) , Jx=Tr {xaBB'^) , dJx = dJx = (2.7) 

In order to illustrate the different algebraic structure, consider the following examples 
within the affine Q = SL{n + 1): 

1. Abelian affine Toda 

n 

Q = {n + l)d + Y,>^i- H, 

1=1 

Go = U{ir = {hi,---,K} 



Ql = (2.8) 



2. Non Abelian affine Toda 
(a) 



Q = nd + ^Xi ■ H, 

1=2 

Go = SL{2)(g)U{l)''-^ = {E±^„hi,---,hn} 

^T(Q2H \-a„) 



1=2 

^0 



G"o = Uil) = {Ai • H} 



(b) 



n-l 



Q = {n-l)d + J2>^r H, 

1=2 

Go = SL{2) ^ SL{2) C/(l)"-2 = {E±a^ , ^±„„, /ii, • • • , 



n-l 

p{0) , P 

T(a2H hQ„-i) 



= [7(1)0 C/(l) = {Ai -F.An-i/} (2.10) 
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(c) 



Q = {n-l)d + Y,>^i- H, 

1=3 

Go = SL{3) (g) = {E±ai, E±a2, E^(^^^^^^^,hi, • • • , 

^T{"3H l-On) 



k 

2^ 



where the it signs correspond to axial or vector gaugings respectively. The action ( p. 12 ) is 



1=3 

= SL{2) ® Uil) = {E±^, ,Xi-H,Xn- H] (2.11) 

For the cases where Qq ^ 0, we may impose consistently the additional constraints Jx = 
Jx = 0,X € Qq. The construction of the gauged WZW action taking into account the 
subsidiary constraints reduces the model from the group Go to the coset Gq/Gq and is I— [-i 
given by 

Sg,ig<^^{B,Ao,Ao) = SwzwiB) - ^ j Tr [e+Be^B-^] d^x ^ 

j Tr {±AodBB-^ + AoB~^dB ± AqBAqB-^ + AqAq) d^x ^ 

(2.12) 1^ 

_ CD 

invariant under 

t3 

and Oq = ao(-2, z) G for axial and Oq = ^(z, z) G for vector cases, i.e., ^ 
Sg,,gi{B,A^,A^) = Sc^iGli^oBa'^ = A'o,i'o) (2-14) O 

3. The structure of the coset Gq/Gq 

In this section we discuss the structure of the coset Gq/Gq constructed according to axial 
and vector gaugings. We shall be considering the NA Toda models of case (2a) where 
= U{1). The group element of the zero grade subgroup Go is parametrized as 

According to the axial gauging we can write B as an element of the the zero grade subgroup 
Go is parametrized as 



B' = aoBa'a, A'q = Aq - a^^dao, = ^o - 9ao(ao)" (2.13) 



B = es^^i-^ (^gl^^J e|iJAi-H^ ^^^^^ ^/^^ ^ eXe^^i?-.ieEr=2^i'^<e'^^^^'^i (3.2) 
The effective action is obtained integrating ( 2.12| ) over Aq,Aq, yielding |^] 



^eff = IY1 Vabd^-dip, + l^e-'^^ - Kx, A = 1 + I^V'Xe-^^ (3.3) 



a,b=2 



-4- 
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where tp = i/je^^, x = Xe^^, and Vax = Yl?=2 e^'^'-'^'-i-^'+i + e'^^+'^"{l + Vxe"*^')- 

The vector gauging can be implemented from the zero grade subgroup Go written as 



B = e"^-^ (si^) e'"^-^, where g^^^ = eX^"^-'^! e^"- ^''^'e^'='"^'^i (3.4) 
Since u is arbitrary, we may choose u = ^In so that 

gLec = e-*^--eS-.0./^.e*^'^i, t' = -^x (3.5) 



The effective action for the vector model is 



n 



a,b=l 

+ d(j)idln{t) + d(l)idln{t) - V^^c- (3.6) 
In terms of a more convenient set of variables, 

A = e^^ = e^^, B = A-^{1 - t^e^^^'^^), d = e<^'+2-<^»+i-| (3.7) 

we get 



^e// = \Y. {dHCi)dln{aCi+i ■ ■ ■ a„i) + dlnia)dln{aCi+i ■ ■ ■ Cn-i)) 
1=1 

1 dAdB + BAdB 

"2 r^AB ^^'^^ ^^-^^ 

where Kec = ACfC, ... + g + § + ■.. + ■ 

4. Chiral and Global Symmetries, from Go to Gq/Gq 
Consider the unconstrained model defined in the group Go with action 

SeffiB) = SwzwiB) -^Jtv {e+Be.B-^) d^x (4.1) 

The action (^]^) is invariant under chiral transformation 

B'{z, z) = e'^(^")^i-^5(z, z)e"'(^)^i-^, (4.2) 
which in components reads 

X' = xe''^'\ iP' = i^e^^'\ R' = R + w + w, ^[ = (4.3) 
and leads to the Noether currents (chiral) 

Jx,.H = Tr (Ai • HB-^dB) = dR - "^i^dxe^^-^^ Jx.-h = 

n 

Jx,.H = Tr (Ai . HBBB-^) =dR- ^^^^x5V'e^"^^ dJx^-H = (4.4) 
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In addition the model in the group ( f4.lD has the following topological currents (non chiral) 

'^top,ax ~ t^i^-n-) 

Jt%,vec = ^^"duu, u = \ln (4.5) 

When reducing the model from the group Go to the coset Gq/Gq, the chiral symmetry 
reduces to a global symmetry. For axial factor group element ^o^x defined in (|3.2|) , has 
no Qq generator (i.e., R field to absorb the factor w + w ) and the symmetry of the axial 



model consists of transformations (4.3) such that w -\- w = Q. For the vector factor group 
element gl^^^ in ( |3.5|) the invariance of the field t' = t also implies w + w = In both 
cases, the remaining symmetry is obtained for w = —w = const, corresponding to a global 
U{1). Further, the reduction from the group Gq to the coset Gq/Gq is implemented by 
imposing the subsidiary constraint 

Jx^-H = Jx,-H = (4.6) 

which allows the elimination of one degree of freedom. For the axial gauging we solve the 
subsidiary constraints (4.6) for the nonlocal field R, i.e. the coset Gq/Gq is implemented 



by imposing the subsidiary constraint 

where = ipe^^^x = X^^^ ^md A = 1 + ^^ti^T^g-'/'2 _ -poi the vector gauging, we define 
h = 1 + ^xe~'^^ and solve the same constraints ( |4.6| ) for the nonlocal field u, 

1 fn-1 A OR 1 

Finally let us discuss the relation among the topological and Noether charges of the 
Go and the Gq/Gq. Consider the topological charges defined from ([4.5|) 



(4.9) 



,Go r , ^ r , f fn-1 A dtR . e-^^ 



«.ee = y_ ^xa.n = ^^^^^ (c^ - d^^^) ) 

— Q Noether, vec (4-10) 

by virtue of eqns. (|4.7|) and (^). The RHS of eqns. (|4.9|) and ( 4.101) coincide precisely 
with the Noether charges associated to the global transformations 6ip = aip, 6x = — «X 
and 5(pi = ^^^^^ SR = a, a = const, respectively. 
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5. Axial- Vector Duality 

In this section we shall prove that the axial and vector models are related by a canonical 
transformation. Consider the SL{3) vector model 

o, ^ IdAdB + dAdB , . B . ^. 

Cyec = dlnCdlnC - y^tJb ^ 

In terms of the new set of more convenient variables 

a = AB, C = dA^^, d = e^f, 9 = InA (5.2) 

the lagrangian { f).l\) becomes 



'^'''^dede-\de(df + ^)-\de(df + ^]+\dfdf-K, 



l-aj 4 V 1-aJ 4 V 1-aJ 4 



where Vuec = + The canonical momenta are given by 



(5,3) 



§0 2 1-a 2 \ I- a 



and the hamiltonian is 

n^ec = -(1 - a)Iia^e + n2 - (1 - a)lialif - a(l - a)Iil 

Consider the following modified lagrangian 

C^od = C^ec - 9 {dP - Bp) (5.6) 



where we identify 89 = P, 09 = P ||l^. Integrating by parts and negleting total 
derivatives, 

Integrating over the auxiliary fields P and P we find the effective action 

C.ff = -dfdf-'- (df + ^ + d9)(df + ^-d9)-V 

" A •' ■' 41 + 3aV 1-a J \ 1-a / 

(5.8) 
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and the canonical momenta are 



f 



n 



2af 



1 + 3a 1 + 3a 2 1 + 3a 



1(1 -a) 



66 2 1 + 3a 
5C,ff _ {O'-f) 



n 



9' 



l + 3a 



2a 



5a 



l + 3a (l-a)(l + 3a) 



(5.9) 



The hamiltonian is 



--(1 - a)Ua9' + U}-{1- a)UaUf - a(l - a)nl 



(l + 3a) 2 _ _ 
+ 1-a 2 



The canonical transformation 



Ir, 



-2U, 



(5.10) 



(5.11) 



preserves the Poisson bracket structure and provide the equality of the hamiltanians Timod 
Hvec- If we now substitute 



6 = 2ln 



in the effective lagrangian Ceff 



a = l + V'Xe"'^^ 
we find 

dxdip 



A 



/ 



•^2 _Y 



-^2 



(5.12) 



(5.13) 



which is precisely the axial lagrangian for Qq = SL{3). Therefore the axial and the vector 



models are related by the canonical transformation ( 5.11 ) preserving the hamiltonians. In 
fact, 6 and 6 are isometric variables generating Noether charges (^^) and ( 4.1C| ) under 
global transformations. 



c 

CD 

O 
O 



6. Concluding Remarks 

We have seen that the crucial ingredient which allows the construction of the axial and 
vector models is the existence of non trivial subgroup Gq which in the example developed 
here, Gq = U{1). The same strategy works equally well for generalized multicharged NA 
Toda models such as those constructed in ref. |11] where Gj] = U{1) ^ U{1) or to the 



homogeneous sine Gordon (HSG) models proposed in |13]. 

The question of constructing integrable models with non abelian internal symmetry 
arises naturally. For instance, in the case of example (2c) of section 2 (eqn. ( p. Ill )), the 
group model ( |2.4D admits invariance under chiral Qq = SL{2) ^ U{1) transformations and 
is the natural prototype to describe solitons carrying nonabelian degrees of freedom. 

An interesting and intriguing subclass of NA Toda models correspond to the following 
three affine Kac-Moody algebras, i?i^\^2n -^i+i- Their axial and vector actions were 



-8- 
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constructed in and shown to be identical. In fact, those affine algebras satisfy the no 
torsion condition proposed in |^ which is fulfilled by Lie algebras possesseing i?„-tail like 
Dynkin diagrams (see for instance appendix N of fl^). The very same selfdual models 
were shown to possess an exact S-matrix coinciding with certain Thirring models coupled 
to affine abelian Toda models in ref. |14]. 
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